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For the Cauchy problem for the nonlinear wave equation with nonlinear damp-
ing and source terms, we define stable and unstable sets for the initial data. We
prove that if during the evolution the solution enters into the stable set, the
solution is global and we are able to estimate the decay rate of the energy. If
during the evolution the solution enters into the unstable set, the solution blows up
in finite time. Q 1999 Academic Press
1. INTRODUCTION
We consider the Cauchy problem for the nonlinear wave equation with
nonlinear damping and source terms of the type
2 < < my 1 < < py1 nu y Du q q x u q u u s u u for t , x g R = R ,Ž . Ž .t t t t
1.1Ž .
with initial data
u 0, x s f x , u 0, x s g x . 1.2Ž . Ž . Ž . Ž . Ž .t
Here p ) 1, m ) 1.
Ž .The case of linear damping m s 1 and nonlinear sources has been
w xstudied by Levine, who used ``concavity arguments'' 4, 5 . However, the
interaction between the nonlinear damping and source terms creates
difficulties which were overcome only recently, for a bounded domain with
w xDirichlet boundary conditions, by Georgiev and Todorova 2 . The abstract
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w xversion was studied by Levine and Serrin 8 and by Levine, Pucci, and
w xSerrin 7 . Thereafter, in a series of papers the same technique was used in
Ž w x.studying the behavior of solutions of related equations see Ono 12 .
Ž w x w x w x.Then, several authors see Ikehata 3 , Ohta 11 , Vitillaro 17 applied the
w x Ž . Ž .Payne and Sattinger potential well arguments 14 to 1.1 ] 1.2 for the
Ž .bounded domain case and q x s 0.
The interaction between the nonlinear damping and source terms for
Ž . Ž .the Cauchy problem 1.1 ] 1.2 is much more complicated. Recently, it was
w x Ž . w x Ž .studied in 6, 15, 16 when q x s 0 and in 15, 16 when q x is a decaying
function. According to their results, the case m s p is critical: namely, for
Ž .p F m a weak strong distribution solution exists globally in time for any
compactly supported initial data, while for m - p blow-up of solutions
occurs in finite time for negative initial energies.
Ž . nLet q x be a locally bounded measurable function on R . As far as
Ž w x.local existence is concerned, we have see 15
THEOREM 1. Let m ) 1 and
n
1 - p F if n ) 2 or 1 - p if n F 2. 1.3Ž .
n y 2
Then, for any compactly supported data,
f g W 1, 2 Rn , g g L2 Rn , 1.4Ž . Ž . Ž .
Ž . Ž .the Cauchy problem 1.1 ] 1.2 has a unique solution such that
w 1, 2 nu t , x g C 0, T ; W R ,Ž . Ž .Ž . .
w 2 n mq1 w nu t , x g C 0, T ; L R l L 0, T = R ,Ž . Ž .Ž . Ž . ..t
pro¤ided T is small enough.
Ž .We denote the life span of the solution u t, x of the Cauchy problem
Ž . Ž .1.1 ] 1.2 by T .max
w xThe following theorems are proved in 16 .
Ž . Ž .THEOREM 2. Assume p F m and let the conditions 1.3 ] 1.4 be ful-
Ž . Ž .filled. Then the Cauchy problem 1.1 ] 1.2 has a unique global solution,
such that
w 1, 2 nu t , x g C 0, T ; W RŽ . Ž .Ž . .
w 2 n mq1 w nu t , x g C 0, T ; L R l L 0, T = RŽ . Ž .Ž . Ž . ..t
for any T ) 0.
Ž .Suppose, in addition, that q x decays slowly enough, i.e., it satisfies the
condition
yh
< <q x G s 1 q x , 1.5Ž . Ž . Ž .
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where s ) 0 and
p y 1 mŽ .
0 F h F . 1.6Ž .
2 p y mŽ .
Ž w x.Then the following blow-up theorem holds see 15, 16 .
Ž . Ž .THEOREM 3. Let 1 - m - p and suppose that the conditions 1.3 ] 1.4
Ž . Ž . Ž . Ž .and 1.5 ] 1.6 are fulfilled. Then any weak solution of 1.1 ] 1.2 blows up
Ž .in finite time if the initial energy E 0 is negati¤e.
Ž .In this paper we consider the case of positive initial energies E 0 , when
1 - m - p.
Ž .For the case of linear damping m s 1 the global nonexistence for the
abstract evolution equations with positive initial energy was treated by
w xPucci and Serrin 13 .
Following the ideas of the ``potential well'' theory introduced by Payne
w x nand Sattinger 14 , we observe that in R the so-called depth d of the
Ž w x.potential well becomes zero see Nakao and Ono 9 . One of the possible
ways of overcoming this difficulty is as follows.
We define the functional
1 1 12 2 pq15 5 5 5 5 5J f s =f q f y fŽ . 2 2 pq12 2 p q 1
1, 2Ž n.for f g W R . In this case the ``potential depth'' given by
1, 2 n  4d s inf sup J lf ; f g W R _ 0Ž . Ž .½ 5
lgR
Ž . Ž . Ž .becomes positive. Then for the Cauchy problem 1.1 ] 1.2 with q x s 1,
we are able to define stable and unstable sets.
Denote
i 1, 2 n  4W ’ f g W R N K f ) 0, J f - d j 0 4Ž . Ž . Ž .
and
W e ’ f g W 1, 2 Rn N K f - 0, J f - d , 4Ž . Ž . Ž .
where
5 5 2 5 5 2 5 5 pq1K f s =f q f y f .Ž . 2 2 pq1
If during its evolution the solution enters the unstable set W e, it blows
w xup. The proof of this result is essentially based on the results in 16 . In
w xfact, concavity arguments like those in 4, 5 no longer apply when m ) 1,
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so it is necessary to use another approach, namely the blow-up Theorem 3
w xin 16 for all negative initial energies.
Thus we can state the following blow-up theorem for the Cauchy
Ž . Ž . Ž .problem 1.1 ] 1.2 with q x s 1.
nTHEOREM 4. Let 1 - m - p, and 1 - p F if n ) 2 or 1 - p ifn y 2
Ž . Ž . Ž . w .n F 2. Let u x, t be a local solution of the problem 1.1 ] 1.2 on 0, Tmax
1, 2Ž n. 2Ž n.with compactly supported data f g W R , g g L R . If there exists a
w . Ž . e Ž .number t g 0, T such that u t , . g W and E t - d, then the solu-0 max 0 0
Ž . Ž .tion of the Cauchy problem 1.1 ] 1.2 does not exist globally in time, i.e.,
T - ‘.max
In this theorem
1 12 25 5 5 5E t s =u t , . q u t , .Ž . Ž . Ž .2 20 0 t 02 2
1 12 pq15 5 5 5q u t , . y u t , . .Ž . Ž .2 pq10 02 p q 1
We also prove that if during its evolution the solution enters the stable
set W i, then the following global existence theorem with calculation of the
energy decay rate holds.
nTHEOREM 5. Let 1 - m - p, and 1 - p F if n ) 2 or 1 - p ifn y 2
Ž . Ž . Ž .n F 2. Also, let u x, t be a local solution of the problem 1.1 ] 1.2 on
w . 1, 2Ž n. 2Ž n.0, T with compactly supported data f g W R , g g L R . If theremax
w . Ž . i Ž .exists a number t g 0, T such that u t , . g W and E t - d, then0 max 0 0
2 4T s ‘. If , in addition, 1 - m - min p, q 1 , the global solution of themax n
Ž . Ž .Cauchy problem 1.1 ] 1.2 has the following energy decay property:
Ž Ž .. Ž .y 2yn my1 r my1E t F C 1 q t .Ž . Ž .
2. BLOW-UP RESULT
The following lemmas are crucial for the proof of Theorem 4.
LEMMA 2.1. The ``potential depth''
1, 2 n  4d s inf sup J lf ; f g W R _ 0Ž . Ž .½ 5
lgR
is positi¤e.
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1, 2Ž n.  4Proof of Lemma 2.1. Let f g W R _ 0 . Since
l2 l2 l pq12 2 pq15 5 5 5 5 5J lf s =f q f y f ,Ž . 2 2 pq12 2 p q 1
we get
d 2 2 pq1p5 5 5 5 5 5J lf s l =f q l f y l f . 2.1Ž . Ž .2 2 pq1dl
Then
5 5 2 5 5 2=f q fŽ .2 2 pq12 py1 5 5sup J lf s J l f s l y l f , 2.2Ž . Ž . Ž .pq11 1 1½ 52lgR
where
Ž .1r py12 25 5 5 5=f q f2 2
l s .1 pq1ž /5 5f pq1
Ž Ž 2 2 . Ž . .Note that d rd l J lf N - 0. So, we havelsl1
Ž . Ž .pq1 r py12 25 5 5 5=f q f p y 1Ž .2 2
sup J lf s . 2.3Ž . Ž .Ž pq1.2rŽ py1. 2 p q 15 5 Ž .flgR pq1
The above estimate leads to
1 n  4d s inf sup J lf ; f g H R _ 0Ž . Ž .½ 5
lgR
Ž . Ž .pq1 r py12 25 5 5 5=f q f p y 1Ž .2 2 1 n  4s inf ; f g H R _ 0Ž .Ž pq1.2rŽ py1.½ 52 p q 15 5 Ž .f pq1
p y 1
Ž pq1.2rŽ py1.G C ) 0. 2.4Ž .pq14 p q 1Ž .
In the above estimate C is the Sobolev constant:pq1
5 5 5 5=f q fŽ .2 2 1, 2 n  4C s inf , f g W R _ 0 .Ž .pq1 ½ 55 5f pq1
This completes the proof of Lemma 2.1.
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LEMMA 2.2. Let the initial data f , g satisfy the conditions of Theorem 4
Ž . Ž . Ž .and let u t, x be a local solution of the Cauchy problem 1.1 ] 1.2 on
w . w . Ž . e0, T . If there exists a number t g 0, T such that u t , . g W andmax 0 max 0
Ž . Ž . e w .E t - d, then u t, . remains inside the set W for any t g t , T .0 0 max
w .Proof of Lemma 2.2. Suppose that there is t g t , T , such that1 0 max
Ž . e w . Ž . e eu t, . g W for t g t , t and u t , . f W . From the definition of W0 1 1
Ž Ž .. Ž Ž ..and the continuity in t of J u t, . and K u t, . we have either
Ž . Ž Ž ..1 J u t , . s d or1
Ž . Ž Ž ..2 K u t , . s 0.1
Ž . Ž . t1 5 Ž .5 mq 1From the energy identity E t s E t y H u s, . ds for t ) t ,mq 11 0 t t 1 00
Ž . Ž Ž .. Ž .together with the condition E t - d, we have J u t , . F E t F0 1 1
Ž . Ž .E t - d. So, case 1 is impossible.0
Ž . Ž .Assume that 2 holds. From 2.1 we see that
d pq1py1 5 5J lu t , . s l 1 y l u t , .Ž . Ž . Ž .Ž . pq11 1dl
and
sup J lu t , . s J lu t , . s J u t , . - d,Ž . Ž . Ž .Ž . Ž . Ž .1 1 ls1 1
lgR
Ž .which contradicts the definition of d. Therefore, case 2 is impossible as
well.
LEMMA 2.3. Under the assumptions of Lemma 2.2, the inequality
5 5 2 5 5 2=u t , . q u t , . ) 2 d p q 1 r p y 1Ž . Ž . Ž . Ž .2 2
w . Ž .is fulfilled for t g t , T , where u t, x is a local solution of the Cauchy0 max
Ž . Ž .problem 1.1 ] 1.2 .
Proof of Lemma 2.3. According to Lemma 2.2, we have in particular
5 Ž .5 pq1 5 Ž .5 2 5 Ž .5 2 w .u t, . ) =u t, . q u t, . for t g t , T . Using the above in-pq1 2 2 0 max
Ž .equality and the identity 2.3 , we have
Ž . Ž .pq1 r py12 25 5 5 5=u t , . q u t , . p y 1Ž . Ž .Ž .2 2
d F Ž pq1.2rŽ py1. 2 p q 15 5 Ž .u t , .Ž . pq1
p y 12 25 5 5 5- =u t , . q u t , . , 2.5Ž . Ž . Ž .Ž .2 2 2 p q 1Ž .
which completes the proof of the lemma.
THE CAUCHY PROBLEM 219
Proof of the Blow-up Theorem 4. Suppose that, for some data f , g
Ž . Ž .satisfying the conditions of Theorem 4, the weak solution of 1.1 ] 1.2
Ž .exists for all t G 0. Then E t has to be nonnegative for all t G 0, since, if
Ž . Ž .for some t G 0 E t becomes negative, the solution u t, x of the Cauchy1 1
Ž . Ž . Ž .problem 1.1 ] 1.2 blows up in finite time see Theorem 3 .
Ž .So, we have E t G 0 for all t G 0.
This leads to a constant control of the rate of the energy decrease. That
t 5 Ž .5 mq 1 Ž . Ž .is, from the energy identity we get H u s, . ds s E t y E t F dmq 1t t 00
for all t G t .0
Ž . 5 Ž .5 2Denote F t s u t, . . Note that the standard approximation argu-2
È È 2Ž . Ž . 5 Ž .5 Ž Ž ..ment shows that F t exists and F t s 2 u t, . y 2 K u t y2t
Ž . Ž . < Ž . < my 12Hu t, x u t, x u t, x dx. More precisely, using the approximationt t
w xarguments from 17 we can prove that the function u can be used as a test
Ž .function in the definition of a weak strong distribution solution of
Ž . Ž . Ž . Ž . < Ž . < my 11.1 ] 1.2 . To estimate the integral Hu t, x u t, x u t, x dx, we uset t
Žthe Holder inequality and the so-called interpolation inequality see Brezis
w x.1 and get
my 1< <u t , x u t , x u t , x dxŽ . Ž . Ž .H t t
5 5 5 5 mF u t , . u t , .Ž . Ž .mq 1 mq1t
5 5 d 5 51yd 5 5 mF u t , . u t , . u t , . , 2.6Ž . Ž . Ž . Ž .2 pq1 mq1t
1 1 1 1Ž . Ž .with d s y r y . Then we havem q 1 p q 1 2 p q 1
5 5 d 5 51yd 5 5 mu t , . u t , . u t , .Ž . Ž . Ž .2 pq1 mq1t
5 5 m 5 51y Ž pq1.rŽmq1.ydqŽŽ pq1.r2.dF C u t , . u t , .Ž . Ž .mq 1 pq1t
5 5 Ž pq1.rŽmq1.= u t , . . 2.7Ž . Ž .pq1
5 Ž .5 2In the above estimate we use the inequality from Lemma 2.2, u t, . -2
5 Ž .5 pq1u t, . , for all t G t .pq1 0
p q 1 p q 1Since 1 y y d q d s 0, we estimate the right-hand side ofm q 1 2
Ž .2.7 by using the Young inequality and obtain
5 5 d 5 51yd 5 5 m 5 5 pq1 5 5 mq 1u t , . u t , . u t , . F « u t , . q C « u t , . .Ž . Ž . Ž . Ž . Ž . Ž .2 pq1 mq1 pq1 mq1t t
Thus,
È mq 15 51r2 F t q C « u t , .Ž . Ž . Ž . mq 1t
5 5 2 5 5 pq1G 1 q sr2 u t , . q 1 y sr p q 1 y « u t , .Ž . Ž . Ž . Ž .Ž .2 pq1t
5 5 2 5 5 2q sr2 y 1 =u t , . q sr2 y 1 u t , . y s E t , 2.8Ž . Ž . Ž . Ž . Ž . Ž .2 2 0
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where the constant s ) 2 will be chosen later. In the above estimate we
use the inequality
yK u t G yK u t q s E t y E tŽ . Ž . Ž . Ž .Ž . Ž . Ž .0
5 5 pq1 5 5 2G 1 y sr p q 1 u t , . q sr2 u t , .Ž . Ž . Ž .Ž . pq1 2t
5 5 2 5 5 2q sr2 y 1 =u t , . q sr2 y 1 u t , . y s E tŽ . Ž . Ž . Ž . Ž .2 2 0
for t G t .0
We choose the constant s so that
2 d p q 1Ž .
- s - p q 1,
d p q 1 y p y 1 E tŽ . Ž . Ž .0
Ž .which is possible since E t - d. This guarantees that s ) 2. Then, using0
this choice and Lemma 2.3 we have
5 5 2 5 5 2sr2 y 1 =u t , . q u t , . y s E tŽ . Ž . Ž . Ž .Ž .2 2 0
p q 1
G sr2 y 1 2 d y s E t G 0Ž . Ž .0p y 1
for t G t .0
Once the constant s is fixed, we choose the constant « to be so small
that
C s 1 y sr p q 1 y « ) 0.Ž .1
Ž .Finally, using the inequality 2.8 and Lemmas 2.2 and 2.3 we get
È mq 1 pq15 5 5 5F t q C « u t , . G C u t , .Ž . Ž . Ž . Ž .mq 1 pq1t 1
5 5 2 5 5 2G C =u t , . q u t , .Ž . Ž .Ž .2 21
G C 2 d p q 1 r p y 1 2.9Ž . Ž . Ž .1
Ž . w xfor t G t and C ) 0. Integrating two times the inequality 2.9 over t , t0 1 0
and taking into account the boundedness of the integral
t mq 15 5u s, . ds F d ,Ž .H mq 1t
t0
2 ÇŽ .  Ž . Ž .4  Ž . Ž .4we arrive at F t G C d p q 1 r p y 1 t q yC « d q F t t q1 0
Ž . 5 Ž .5F t , i.e., the norm u t, . has at least linear growth for t G t .20 0
Now, by an iterative procedure we are able to improve the estimate of
5 Ž .5 Ž .the growth of the norm u t, . . Using 2.9 once more, together with the2
5 Ž .5 pq1 5 Ž .5 2inequality u t, . G u t, . from Lemma 2.2, we havepq1 2
È mq 1 pq1 2 25 5 5 5 5 5F t q C « u t , . G C u t , . G C u t , . G C t ,Ž . Ž . Ž . Ž . Ž .mq 1 pq1 2t 1 1 2
2.10Ž .
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where the last estimate follows from the linear growth of the norm
5 Ž .5u t, . .2
Ž .Then, integrating two times the inequality 2.10 and using again the
t 5 Ž .5 mq 1boundedness of the integral H u s, . ds, we obtain that the normmq 1t t0
5 Ž .5u t, . has at least quadratic growth for t G t .2 0
5 Ž .5On the other hand, we estimate the norm u t, . from above. For2
t ) t we have0
t
5 5 5 5 5 5u t , . F u t , . q u s, . dsŽ . Ž . Ž .2 2 H 20 t
t0
t nrr5 5 5 5F u t , . q 1 q s u s, . dsŽ . Ž . Ž .2 H mq 10 t
t0
5 5F u t , .Ž . 20
Ž .1r mq1
tŽ Ž . . Ž .n mq1 rr mq1 mr mq1 mq15 5q 1 q t u s, . dsŽ . Ž .H mq 1t½ 5
t0
Ž Ž . . Ž .n mq1 rr mq1 mr mq15 5F u t , . q C 1 q t , 2.11Ž . Ž . Ž .20
where we use the Holder inequality with respect to t, the boundedness of
t 5 Ž .5 mq 1 Ž .the integral H u s, . ds, and the identity 1rr q 1r m q 1 s 1r2.mq 1t t0
The power
n m q 1 m n m y 1 q 2mŽ . Ž .
q 1 sž /rm m q 1 2 m q 1Ž .
n Ž .is smaller than 2, since m - p F . Then the estimate 2.11 contradictsn y 2
Ž . 5 Ž .5the inequality 2.10 , which shows that the norm u t, . has at least2
quadratic growth for t G t . This completes the proof of Theorem 4.0
3. GLOBAL EXISTENCE AND ENERGY DECAY
We prepare several lemmas.
LEMMA 3.1. Let the initial data f , g satisfy the conditions of Theorem 5
Ž . Ž . Ž .and let u t, x be a local solution of the Cauchy problem 1.1 ] 1.2 on
w . w . Ž . i0, T . If there exists a number t g 0, T such that u t , . g W andmax 0 max 0
Ž . Ž . i w .E t - d, then u t, . remains inside the set W for any t g t , T .0 0 max
The proof is similar to that of Lemma 2.2, so we omit it.
LEMMA 3.2. Under the assumptions of Lemma 3.1, the inequality
p y 1 2 25 5 5 5J u t G =u t , . q u t , . 3.1Ž . Ž . Ž . Ž .Ž . Ž .2 22 p q 1Ž .
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w . Ž .is fulfilled for t g t , T , where u t, x is a local solution of the Cauchy0 max
Ž . Ž .problem 1.1 ] 1.2 .
Proof of Lemma 3.2. Since, according to Lemma 3.1,
5 5 2 5 5 2 5 5 pq1K u t s =u t , . q u t , . y u t , . G 0Ž . Ž . Ž . Ž .Ž . 2 2 pq1
w .for t g t , T , we get0 max
1 1 12 2 pq15 5 5 5 5 5J u t s =u t , . q u t , . y u t , .Ž . Ž . Ž . Ž .Ž . 2 2 pq12 2 p q 1
p y 1 2 25 5 5 5G =u t , . q u t , . 3.2Ž . Ž . Ž .Ž .2 22 p q 1Ž .
w .for t g t , T .0 max
Ž .LEMMA 3.3. Let f x be a nonnegati¤e nonincreasing function satisfying
1qa bsup f s F C 1 q t f t y f t q 1 3.3Ž . Ž . Ž . Ž . Ž .Ž .
tFsFtq1
for t G 0, C ) 0, a ) 0, and b - 1. Then
Ž .y ybq1 ra
f t F C 1 q t . 3.4Ž . Ž . Ž .
w xFor the proof of Lemma 3.3 see Nakao and Ono 10 .
Proof of Theorem 5. From Lemma 3.2 and the energy identity we have
1 25 5d ) E t G E t s u t , . q J u tŽ . Ž . Ž . Ž .Ž .20 t2
5 5 2 5 5 2 5 5 2G C =u t , . q u t , . q u t , . 3.5Ž . Ž . Ž . Ž .Ž .2 2 2t
w .for t g t , T . The above inequality and the continuation principle lead0 max
to the global existence of the solution, i.e., T s ‘.max
Next, we shall prove the energy decay estimate.
Ž . n w xMultiplying Eq. 1.1 by u and integrating over R = t , t , where1 2
t F t - t , we have0 1 2
t2 2 2 pq15 5 5 5 5 5=u s, . q u s, . y u s, . dsŽ . Ž . Ž .Ž .H 2 2 pq1
t1
t2 my 1< <F y u s, x u s, x u s, x dx dsŽ . Ž . Ž .H H t t
nt R1
2
t2 25 5 5 5 5 5q u s, . ds q u t , . u t , . . 3.6Ž . Ž . Ž . Ž .ÝH 2t t i i
t1 is1
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Ž .Using the arguments from 2.11 , the finite speed of propagation, and
the Holder inequality, we get the estimate
tq1 25 5u s, . dsŽ .H 2t
t
tq1 2 nrr 25 5F L q s u s, . dsŽ . Ž .H mq 1t
t
Ž .2r mq1
tq1Ž . Ž .n my1 r mq1 mq15 5F L q t u s, . dsŽ . Ž .H mq 1t½ 5
t
Ž . Ž . Ž .2r mq1 n my1 r mq1s E t y E t q 1 L q t , 3.7Ž . Ž . Ž . Ž .Ž .
Ž .where in the last step we use the energy identity and 1rr q 1r m q 1 s
1r2. Now, from the above estimate and the Mean Value Theorem, we
w x w xchoose t g t, t q 1r4 and t g t q 3r4, t q 1 such that1 2
1r2
tq1 25 5 5 5u t , . F u s, . dsŽ . Ž .2 H 2t i tž /t
Ž . Ž . Ž .1r mq1 n my1 r2 mq1F E t y E t q 1 L q t 3.8Ž . Ž . Ž . Ž .Ž .
for i s 1, 2. Using the Holder inequality with respect to x and then with
t2 < Ž . < my 1 Ž . Ž .nrespect to t, we estimate the term H H u s, x u s, x u s, x dx dst R t t1
Ž .from 3.6 and get
t2 my 1< <u s, x u s, x u s, x dx dsŽ . Ž . Ž .H H t t
nt R1
t2 m5 5 5 5F u s, . u s, . dsŽ . Ž .H mq 1 mq1t
t1
Ž . Ž .mr mq1 1r mq1
t t2 2mq 1 mq15 5 5 5F u s, . ds u s, . ds . 3.9Ž . Ž . Ž .H mq 1 H mq 1tž / ž /t t1 1
Now, from the convexity of the function u yry in y for u G 0 and for
y ) 0, we obtain
5 5 mq 1 5 5 2 5 5 pq1u u umq 1 2 pq1
F C q C ,1 2m q 1 2 p q 1
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since 2 F m q 1 F p q 1. In the above inequality C and C are positive1 2
constants. So, we have
5 5 mq 1 5 5 2 5 5 pq1u t , . F C u t , . q C u t , .Ž . Ž . Ž .mq 1 2 pq1t 1 2
5 5 2 5 5 2F C u t , . q =u t , . F CE t , 3.10Ž . Ž . Ž . Ž .Ž .2 2
Ž .where in the last estimate we use Lemmas 3.1 and 3.2. Then, from 3.9
Ž .together with 3.10 and the Young inequality we obtain
t2 my 1< <u s, x u s, x u s, x dx dsŽ . Ž . Ž .H H t t
nt R1
t t2 2mq 15 5F C « u s, . ds q « E s dsŽ . Ž . Ž .H mq 1 Ht
t t1 1
t2F C « E t y E t q 1 q « E s ds, 3.11 4Ž . Ž . Ž . Ž . Ž .H
t1
where in the last inequality the energy identity and the definition of the
numbers t for i s 1, 2 were used.i
Ž . 5 Ž .5 5 Ž .5Finally, from 3.8 we estimate u t , . u t , . :t i i
Ž . Ž . Ž .1r mq1 n my1 r2 mq15 5 5 5u t , . u t , . F E t y E t q 1 L q tŽ . Ž . Ž . Ž . Ž .Ž .t i i
1r2
= sup E sŽ .
tFsFtq1
Ž .2r mq1F C « E t y E t q 1Ž . Ž . Ž .Ž .1
Ž . Ž .n my1 r mq1= L q tŽ .
q « sup E s . 3.12Ž . Ž .1
tFsFtq1
Ž . Ž . Ž . Ž .Now adding 3.7 and 3.6 , using 3.11 together with 3.12 , and choos-
Ž .ing « sufficiently small, we rewrite 3.6 in the form
t Ž . Ž . Ž .2 2r mq1 n my1 r mq1E s ds F C E t y E t q 1 L q tŽ . Ž . Ž . Ž .Ž .H
t1
q « sup E s . 3.13Ž . Ž .1
tFsFtq1
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w xWe choose t g t , t such that3 1 2
t2E t F C E s ds. 3.14Ž . Ž . Ž .H3
t1
Then, using the energy identity, we have
tq1 mq 15 5E t s E t q 1 q u s, . dsŽ . Ž . Ž .H mq 1t
t
tq1 mq 15 5F E t q u s, . ds. 3.15Ž . Ž . Ž .H mq 13 t
t
Therefore
tq1 mq 15 5sup E s F E t q u s, . ds. 3.16Ž . Ž . Ž . Ž .H mq 13 t
ttFsFtq1
Ž . Ž . Ž .Finally, by means of 3.14 , 3.16 , and 3.13 with sufficiently small « , we1
arrive at
Ž . Ž . Ž .2r mq1 n my1 r mq1sup E s F C E t y E t q 1 L q tŽ . Ž . Ž . Ž .Ž .
tFsFtq1
qE t y E t q 1 , 3.17Ž . Ž . Ž .4
and hence
Ž .mq1 r2sup E sŽ .
tFsFtq1
Ž .n my1 r2F C E t y E t q 1 L q tŽ . Ž . Ž .Ž .
Ž .mq1 r2q E t y E t q 1 . 3.18Ž . Ž . Ž .Ž . 4
Note that
Ž .mq1 r2E t y E t q 1Ž . Ž .Ž .
Ž .my1 r2F E t y E t q 1 E t y E t q 1Ž . Ž . Ž . Ž .Ž . Ž .
F E t y E t q 1 dŽmy1.r2 , 3.19Ž . Ž . Ž .Ž .
Ž . Ž .where the last estimate follows from the fact that E t F E t - d.0
Ž .Therefore, 3.18 leads to
Ž . Ž .mq1 r2 n my1 r2sup E s F C E t y E t q 1 L q t . 3.20Ž . Ž . Ž . Ž . Ž .Ž .
tFsFtq1
Then, applying Lemma 3.3, we obtain the energy decay,
Ž Ž .. Ž .y 2yn my1 r my1E t F C 1 q t .Ž . Ž .
GROZDENA TODOROVA226
REFERENCES
1. H. Brezis, ``Analyse Fonctionnelle, Theorie et Applications,'' Masson, Paris, 1983.Â
2. V. Georgiev and G. Todorova, Existence of a solution of the wave equation with
Ž .nonlinear damping and source terms, J. Differential Equations 109 1994 , 295]308.
3. R. Ikehata, Some remarks on the wave equations with nonlinear damping and source
Ž .terms, Nonlinear Anal. 27, No. 10 1996 , 1165]1175.
4. H. A. Levine, Instability and nonexistence of global solutions of nonlinear wave equations
Ž . Ž .of the form Pu s yAu q F u , Trans. Amer. Math. Soc. 192 1974 , 1]21.t t
5. H. A. Levine, Some additional remarks on the nonexistence of global solutions to
Ž .nonlinear wave equations, SIAM J. Math. Anal. 5 1974 , 138]146.
6. H. A. Levine, S. Park, and J. Serrin, Global existence and global nonexistence of solutions
of the Cauchy problem for a nonlinearly damped wave equation, J. Math. Anal. Appl.
Ž .228 1998 , 181]205.
7. H. A. Levine, P. Pucci, and J. Serrin, Some remarks on global nonexistence for nonau-
Ž .tonomous abstract evolution equations, Contemp. Math. 208 1997 , 253]263.
8. H. A. Levine and J. Serrin, A global nonexistence theorem for quasilinear evolution
Ž .equations with dissipation, Arch. Rational Mech. Anal. 137 1997 , 341]361.
9. M. Nakao and K. Ono, Existence of global solutions to the Cauchy problem for the
Ž .semilinear dissipative wave equations, Math. Z. 214 1993 , 325]342.
10. M. Nakao and K. Ono, Global existence to the Cauchy problem of the semilinear wave
Ž .equations with a nonlinear dissipation, Funkcial. Ek¤ac. 38 1995 , 417]431.
11. M. Ohta, Remarks on blow up of solutions for nonlinear evolution equations of second
Ž .order, Ad¤ . Math. Sci. Appl. 8, No. 2 1998 , 901]910.
12. K. Ono, On global solutions and blowup solutions of nonlinear Kirchhoff strings with
Ž .nonlinear dissipation, J. Math. Anal. Appl. 216 1997 , 321]342.
13. P. Pucci and J. Serrin, Global nonexistence for abstract evolution equations with positive
Ž .initial energy, J. Differential Equations 109 1998 , 203]214.
14. L. Payne and D. Sattinger, Saddle points and instability on nonlinear hyperbolic equa-
Ž .tions, Israel Math. J. 22 1981 , 273]303.
15. G. Todorova, Cauchy problem for a nonlinear wave equation with nonlinear damping and
Ž .source terms, C. R. Acad. Sci. Paris Ser. I 326 1998 , 191]196.Â
16. G. Todorova, Cauchy problem for a nonlinear wave equations with nonlinear damping
and source terms, Nonlinear Anal., in press.
17. E. Vitillaro, Global nonexistence theorems for a class of evolution equations with
dissipation and applications, Arch. Rational Mech. Anal., in press.
